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- Length =1
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original coordinate P = "P.Xp + °P,¥3 + °P,Z; {A}\é

new coordinate “P = “pP.X, + ARX_,}Q + 4P, 2,

50




B2 ;
original coordinate P = "P.Xp + °P,¥3 + °P,Z; (A} 4

new coordinate “P = “pP.X, + ARX_,}?Q + 4P, 2,

where “P, = PP - X, = Xp - X, °P, + V3 - X, °P, + Zp - X, ©

N

51




B2 ;
original coordinate P = "P.Xp + °P,¥3 + °P,Z; (A} 4

new coordinate “P = “P.X, + “P, Y, + “B,Z,
where P, = ®P- X, =Xp - X, "B, + V3 - X, °B, + 7 - X, ©
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o Rotation matrixey 5 =B shse - TE—F R " &
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a About Z, with 6 ———
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o Rotation matrixey 5 =B shse - TE—F R " &
J IR RS
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o About Z, with 6 Vet A

. [ cosf@ —sin8 0
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0
cl
s@

68
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0 0.866 —0.5” j| l

0 05 0.866
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o Rotation matrix g9 =4 ;&
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A{ AG A%
|| | | 7 %
Xa

o #Epointdy ¥ —{BEframesy k£ 3] B —EFv tbframefE A 48 H & 5 8y

frame & & iE ik 7
4p = AR®p e t’
X, /
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| | |
X4
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o 7% fa P #yRotation£3 DOFs » #f & 4o 4T 4= — f&rotation
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a X-Y-Z Fixed Angles — dhanglesi &R
RN 2:

Kag

gRXYZ (v,B, @) = Rz(a)Ry(B)Rx(¥)
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a X-Y-Z Fixed Angles — dhanglesi &R

Kag

5Rxyz (¥, B, @) = Rz(@)Ry(B)Rx(¥) v' = ARv = R;R,R v

"I EERREE,  ETEIBHRERE

SR T HE L : Ploperator?ki8 - HE—EO= -
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a X-Y-Z Fixed Angles — dhanglesi &R

Kag

5Rxyz(v,B,@) = Rz(@)Ry(B)Rx(¥) v' = 4Rv = R3R,Rv

SR T HE L : Ploperator?ki8 - HE—EO= -

LR EERREE, - ETEIABINIRE

ce —sa 0]|cf 0 sgff1 0 O
= [scr ca 0‘ 0 1 01|10 cy -—sy

0 0 1 _—Sﬁ 0 Cﬁ_ _0 Sy cy |
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a X-Y-Z Fixed Angles — dhanglesi &R

Kag

8Rxyz(v, B, @) = Rz(@)Ry(B)Rx(¥Y) v’ = £Rv = RyR,R,v
e "#E , : Dloperator’kiE - HE (@@= -
LR EERREE, - ETEIABINIRE
ca —sa 01|l cf 0 sff|1 O 0
=|sa¢ e O0|]] 0O 1 O0}]|0 ey -—sy
L 0 0 1l|-sB 0 cB||0 sy cy
cacfi casBsy —sacy casBcy + sasy
= |sacf sasPsy +cacy sasfcy —casy
| —50 cfsy cpcy _ 87




2.5 HEtiERGSiER

a Ex: pAFixed Angles#e#2 : " ¥ Xahie #260E - % ¥Y 4
30K | o ' Yk 30E 0 £ HXaB60E | &

B8 4R R 7
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2.5 HERLIERESEER

a Ex: pAFixed Angles#e#2 : " ¥ Xahie #260E - % ¥Y 4
30K | o ' Yk 30E 0 £ HXaB60E | &
B 4R Rl A7
T HX#60E - AHY#E30E
] }‘5, 0.866 0.433  0.25

. BRyys (v, B,@) = Rz(0)Ry(30)Rx(60) =| 0 0.5 —0.866
DR o —0.5 0.75 0.433
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2.5 HERLIERESEER

a Ex: pAFixed Angles#e#2 : " ¥ Xahie #260E - % ¥Y 4
30K | o ' Yk 30E 0 £ HXaB60E | &

B8 4R R 7

2 ZHX260E - FHYE3I0E
0.866 0.433 0.25

—-0.5 0.75 0.433

REY#305 - A #XH60E
0.866 0 0.5

);W ﬁRXYZ(y,ﬁ,a):RZ(O)RX(60)RY(30):[0.433 05 —0.75

—0.25 0.866 0.433
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rereer

o Ex: AFixed Angles#e s : T ¥ Xshie #2605 - 12 ¥Y &4
B 30E | Ao | ¥ YehieR30E 0 2 H X E60E | &
By 4R 5B A?

T HX#BO0E 0 HHY#H3I0E

0.866 0.433 0.25 ‘

fs éRXYZ(yJ B,a) = Rz(0)Ry(30)Ryx(60) = [ 0 0.5 —0.866
—0.5 0.75 0.433

YR30 - BEHXE60E
Fy 0.866 0 0.5
s ARxyvz (¥, B, @) = R;(0)Rx(60)Ry(30) = [0.433 0.5 —0.75]
—0.25 0.866 0.433
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2.5 HERLIERESEER

o X-Y-Z Fixed Angles — &g R H angles

cacf casfsy —sacy casfcy + sasy]
ARxyz (v, B, @) = |sacB sasBsy + cacy sasfcy — casy

—sp chsy chey

31

22
32

33

92




2.5 HEtiERGSiER

o X-Y-Z Fixed Angles — &g R H angles

ﬁnyz(]/,ﬁ,a): sacff sasfsy +cacy sasfPcy —casy|=|T21 T22 T23

‘cacf casfsy —sacy casfcy + sasy] [?‘11 T12 T’13]
—Sp cfsy cfcy 31 732 T33

If 8 # 90°
B = Atan2(—731,y111% + 1212)
a = Atan2(T21/CB, Tll/cﬁ) '_'900 S ﬁ S 900

¥y = Atan2(ry, /cB,1m33/cB) Single solution
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2.5 HERIERESER

atanFeatan2 AR 2 REVI R E, 4o B WA E point(x1,yl),
Fa point(x2,y2);

AR A X B A BT AR B9 B R INELT S R A &

float radian = atan( (y2-y1)/(x2-x1) );

s float radian = atan2( y2-y1, x2-x1);

atan F= atan2 X F| & T

1. 2B 7 XA F);

2. atan By AR TEE A (-pi/2, pi/2) , atan2 &) BALTEHE A (-
p1, pil ;

3. atan2 894K B T x2-x1 5 FORMR AR T WL+ F, {2 £atan
EPE SNy
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atan2(y, ) = ¢

arctan(¥)
™+ arctan(Z)

—T 4 arctan[%)

a5

b3 |4

> X1

x>0

y=0,x<0
y<0,x<0
y>0,xr=0
y<0,z=20
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2.5 HERLIERESEER

o X-Y-Z Fixed Angles — &g R H angles

ﬁnyz(y,ﬁ,a:): sacff sasfsy +cacy sasfPcy —casy|=|T21 T22 T23

‘cacf casfsy —sacy casfcy + sasy] [?‘11 T12 T13]
—Sp chsy cfcy 31 732 T33

If B # 90°
B = Atan2(—731,\/111% + 1212)
a = Atan2(ry, /cfB,111/cP) —90° < <90°
y = Atan2(ry, /cf,133/Ccf) Single solution
If g =90° If B = —90°
a=0° a=0°

Yy = Atan2(ry,,13;) y = —Atan2(ryz,122)
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o Ex: 2AX-Y-Z Fixed Angles 7% » R ER =

0.866 0433  0.25 7
0 0.5 —0.866|#angles y

-05 075  0.433
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o Ex: 2AX-Y-Z Fixed Angles 7% » R ER =

0.866 0433  0.25 o 7/
l 0 05 —0.866]é@angles e =

—-0.5 0.75 0433

B = Atan2 (—rgl,drllz ¥ 1512) = Atan2 (~(~0.5),J/0.866% + 02) = 30°

Atan2 (22, 11) — grana (—, 280} _
a = n \ =
. cﬁ’ r:,B o cos 30 cos 30

— T32 733 R 0.75 0.433 — 60°
y=aan B’ cB) el Cos30’cos30/
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o Ex: 2AX-Y-Z Fixed Angles 7% » R ER =

0.866 0433 025 7/
l 0 05 —0.866]é@angles V==

—-0.5 0.75 0433

B = Atan2 (—rgl,drllz ¥121%) = Atan2 (—(~0.5),4/08662 + 02) = 30°

Atemz | 22,52 = Avanz (——, o | = ¢
a = n \ =
. cﬁ’ r:,B 4%\ cos 30 cos 30

— T33 T 0.75 0.433 — 60°
y =atan ,B B ane\Cos30’cos30/ ~

=) Rz(0)Ry(30)Rx(60)
¥ Xe260FE » BHYa30E

HMFixed Angles -2894% R 48 (Gl 99




2.5 hELER 55ty

0 Z-Y X Euler Angles - sanglesit &R
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2.5 hELER 55ty

0 Z-Y X Euler Angles - sanglesit &R
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2.5 hELER 55ty

0 Z-Y X Euler Angles - sanglesit &R
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o Z-Y-X Euler Angles - sganglesit &R

I

ARy yr (@, B,y) = FR S REgR = Ry (a)Ry (B)Ry! (¥)

L 2.5 MELiERGSIEE

S 1
XBH Xb,nf
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L 2.5 KESSIERESEEE

o Z-Y-X Euler Angles - sganglesit &R

XB” )?];H )?BIH
AR _ Ap B'pB _
gRzyrx (@, 5,y) = grRgnR7gR = Ry (a)Ry' (B)Ry (¥)
BRI "RIE L : MimappingZki8 - HIE—Em=E - 1 ; F
& —{Eframe " ZFEEF 2 &) , K [EIFE|FE—{Eframe ol ¢

Ap = ApEp = R R.R.°P P

I
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XB”'

4R SiRE R = Ry (@)Ry/ (B)Ry ()

éRZ’Y’X’ (a,B,v) =
SCERAY " BIH

. LimappingZk g -

5 J, R
XBH Xb,nf

HE—E0E - 1«

& —{Eframe " ZFEEF 2 &) , K [EIFE|FE—{Eframe
Ap = ARBp = R,R,R; BP
ca —sa 01lcB 0 sBlf1 0 O]
=|sa ca 0} 0 1 0f|0 cy -sy Sy
0 0 1l|-sp 0 cB|[0 sy cy |

= Rz(@)Ry(B)Rx(y) = #Rxyz(y, B, @)
FX-Y-Z Fixed angle’EZ|—4& MR

;;

‘l‘
&

z.l
1
] J\w
%
-1
2 [ 0
11

¥

X

48 F] #9R
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A& gR HRIR?

30K | Av | Y30 K - R EHXai 60K | &
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2.5 HERLIERESEER

o Ex: pAEuler Angles#e 22 : ' s ¥ Xahie 2260 - 14 41Y &4
e 30F | Av | ¥ Yehie#30E 0 2 HXEE60E | &
A&y 4R Rl R?

T HX#B60E > FHY#30E

; ;\ 0.866 0 0.5
L ES e g 1 §RX’Y’Z’O/' B,a) = RXr(f)O)RYf(3O) = 10.433 0.5 =TS
e A ~0.25 0.866 0.433
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2.5 KEELIERESEER

o Ex: pAEuler Angles#e 22 : ' s ¥ Xahie 2260 - 14 41Y &4
e 30F | Av | ¥ Yehie#30E 0 2 HXEE60E | &

Ay gR 5 BIA?

S AHXW60E - HHY#H30E
1 ;\ 0866 0 05
vo. L ARy (B, @) = Ryr(60)Ry(30) = [0.433 05  —0.75
A —0.25 0.866 0.433

S EY#H30E - A EHXE00E

11 (EH 0.866 0.433 0.25
N O " 1 gRX’Y’Z’(V' ﬁ, L'I) = RYI(BO)RX'({)O) — 0 05 “‘0866
al —0.5 0.75 0.433
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2.5 KEELIERESEER

o Ex: pAEuler Angles#e 22 : ' s ¥ Xahie 2260 - 14 41Y &4
e 30F | Av | ¥ Yehie#30E 0 2 HXEE60E | &

Ay gR 5 BIA?

S AHXW60E - HHY#H30E
1 }\ 0866 0 05
vo. L ARy (B, @) = Ryr(60)Ry(30) = [0.433 05  —0.75
A —0.25 0.866 0.433

3

11 IM 0.866 0.433 0.25
N O " 1 gRX’Y’Z’(V' 6, L'I) = RYI(BO)RX'({)O) — 0 05 “‘0866
al -0.5 0.75 0.433

G ¥Y#30E 0 AHX$60E
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o Ex: Euler
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Euler Angles:
SHYH30E - B EHXHE60E

sRxry17 (v, B, @)
— R, (30)R,(60)
0.866 0.433 0.25
= 0 0.5 —-0.866
-0.5 0.75 0.433
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o Ex: Euler

2.5 HERLIERESEER

Euler Angles:

SEHYHE30E - AHXHE0E

gRX’Y’Z’ y,.B,a)

= R,/ (30)R,(60)

0.866 0.433
0 0.5
05> Q.75

Fixed Angles:
S EXE60E - B HY#30E

gRXYZ v.B,a)

= Ry(30)Rx(60)
0.25 0866 0.433  0.25
—0.866] =| 0 0.5 —0.866
0.433 -0.5 075 0.433
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2.5 HERLIERESEER

o Ex: Euler(Y30, X60) v.s. Fixed(X60, Y30)

Euler Angles:
R EY#30E - A HX#60E

gRX’Y’Z’ y,.B,a)

— Ryf (30)Rx-' (60)
0.866 0.433 0.25 —
= 0 0.5 —0866] |
-0.5 0.75 0433

Fixed Angles:
S E X260 - AHY#30E

gRXYZ v.B,a)

0.866 0.433 0.25
=| O 0.5 —-0.866
—-05 0.75 0.433
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ng’Y’z’(ﬂ-’n B,v) = Ry (@)Ry (B)Ry (¥)

FCERIR " AIH .

cacfcy — sasy
= |sacfcy + casy

—spcy

—cacfsy — sacy

caspf

—sacfsy + cacy sasp

spsy

cf |




2.5 HEtiERGSiER

a Z-Y-Z Euler Angles - &g R Fangles

B8R, 1y (a, B,y) = |sacBey + casy —sacBsy + cacy sasB|=

cacficy — sasy —cacBsy —sacy caspP] [Tu 12 ?”13]
—spey sBsy B |
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2.5 HEtiERGSiER

a Z-Y-Z Euler Angles - &g R Fangles

B8R, 1y (a, B,y) = |sacBey + casy —sacBsy + cacy sasB|=

cacficy — sasy —cacBsy —sacy caspP] [Tu 12 ?”13]
—spey sBsy B |

f B # 0°
B = Atan2(y/13,% + 13,2, 133)
a = Atan2(ry3/sB, 1r13/SB)
y = Atan2(rsz/sp, —131/5P)
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2.5 HERLIERESEER

a Z-Y-Z Euler Angles - &g R Fangles

B8R, 1y (a, B,y) = |sacBey + casy —sacBsy + cacy sasB|=

cacficy — sasy —cacBfsy —sacy casP [Tu T2 ?”13]
—spcy spsy cf |

f B # 0°
B = Atan2(y/13,% + 13,2, 133)
a = Atan2(ry3/sB, 1r13/SB)
y = Atan2(rsz/sp, —131/5P)

If B = 0° If i = 180°
i = §° a=0°

Yy = Atan2(—ry5,114) Yy = Atan2(ry,, —111)

120




2.5 HERLIERESEER

a Ex: Revisit Euler Angles-2#4 %15

0.866 0 0.5 y
AR 1y1,1(60,30,0) = Ry (60)R,/(30) = [0.433 05 —0.75| ., };
~0.25 0866 04331 |

-1
0
T 41

R,/ (60)R,(30)

121




a Ex: Revisit Euler Angles-2#4 %15

0.866 0 0571 .,/ ¥
ARy 1y1,1(60,30,0) = Ry (60)Ry/(30) = [0.433 05 —0.75] ., ;w
—0.25 0866 0.4331 .| :
o EFEURIYZy~ R R EF > Euler Angles A4 7 Tt

R, (60)Ry(30)

p = AtanZ (Jrglz +132%, r33) = Atan2 (J (—0.25)240.8662,0.433 ) = 64.3°
T23 T3 —-0.75 0.5

=, — | = Atan2 = —56.3°

5 'Sﬁ) - ( B 'SP

y = Atan2(r3,/sB, —131/sPB) = Atan2(0.866/sf,0.25/spB) = 73.9°

a = Atan? (
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a Ex: Revisit Euler Angles-2#4 %15

0.866 0 0571 .,/ ¥
ARy 1y1,1(60,30,0) = Ry (60)Ry/(30) = [0.433 05 —0.75] ., ;w
—0.25 0866 0.4331 .| .
Q HUZYZHy X R E  Euler Angles %47 ? TE Y,

y

Ry (60)Ry(30)
p = AtanZ (Jrglz +132%, r33) = Atan2 (J (—0.25)240.8662,0.433 ) = 64.3°

T23 T13 ""’0.75 0.5
a = Atan?2 —,E = Atan?2 = —56.3°

sp sB ' sB
y = Atan2(r32/sf, —131/sP) = Atan2(0.866/sf,0.25/spB) = 73.9°

* R, (—56.3)R,/(64.3)R,/(73.9) “_Uj F
S HZ# -56.3°,#Y#64.3°, % 1% #Z#73.9° * B

R, (—56.3)Ry(64.3)R,(73.9]
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2.5 HERLIERESEER

a Euler/Fixed angles

o 124% Euler angles v 124& fixed angles
o TF4£Duality — 124 4 principal axes:z = k& &) 89 3F 54 F 'k
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a Euler/Fixed angles

o 124% Euler angles v 124& fixed angles
o 7174:Duality — #£124& #}principal axes:if = =k & &) b4 35 A2 ¥ %

a Angle-axis % iZ /&

$ R i $0 >/ 0
k unit vector

Unit vectoriZ2E 28] - EE1EZSE] -
43 DOFs
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2.5 HERLIERESEER

a Euler/Fixed angles

o 124% Euler angles v 124& fixed angles
o 7174:Duality — #£124& #}principal axes:if = =k & &) b4 35 A2 ¥ %

o Angle-axis % i /& P

Sk 480 >/ 0
'k unit vector o

Unit vectorfZ2E <% - EE1ESE
: .+ . th&3DOF
o Quaternion# g >

L

qQ= €4 + €ite,jtesk
o . 6., . a A
= cos 5+ sin (kyl + kyJ + k;k)

note ef +ef +ef+ez=1
41%§§+11@BE%M1§-{¢ . 1*_“’,%3 DOFs 126
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TEE-3) WA R T ES R AR ?

> 4 | B2

o % : dabody frame & 7 254 & H) & 2.\ .
P,
Py | =

A =
PBarg =

W

(Rigid body) k22 srframe » F&Z LA H o b
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T EE-3 ) BIRIAR D BT RS R ER KA
C >4 H| 82 (Rigid body) E#Z srframe » FE LAY
o #% %) . dhbody frame &4 7 251 F #| &

Py

APB org — PB y|— origin of {B} represented 2 {A} {A}

W
o %) . dhbody frameny = & F| &
%580 T5-Ra Z5-%4
GR=|(Xp ¥y Y-y Zp-Y,|=
Xp-Zy Yg:2, Zg-Z,
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TER-3) PR B RS R ER B AR
—> 7e B 8 (Rigid body) L # s frame » H & £ 4.

o #% % . dabody frame &4 7 2511 & $| &

Py

APB org — PB y|— origin of {B} represented 2 {A} {A}

W
o 2% : dhbody framedy = = H &
Xp - X, %'Kqé%'&l I
éR: &Tﬁq %'ﬁti%‘ﬁ — %%
XpZy Vg 2y Zp-Zs| | |
o EEAZ

{B} = {ﬁR! APB org}

B AETEEETE
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0 ol FoRm e ES £ —ARPHL Y

> Homogeneous transformation matrix

{A}
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0 ol FoRm e ES £ —ARPHL Y

> Homogeneous transformation matrix
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0 o {7 A5 B Ao A — AR 9

> Homogeneous transformation matrix

_____ B8R ... “Prorg.., .\
00 0: 1 Za
[ T A {A}
= AXBAYB AZB APBarg )

“““““““““ I S I %9
0O 0 O 1
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0 o {7 A5 B Ao A — AR 9

> Homogeneous transformation matrix

_____ B8R ... “Pgorg.., )
0 0 0 1 Zy
| | | {4}
= AXBAYB AZB APBarg )
“““““““““ I S I %9

O 0 O 1
= &P
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o MAMapping > #iam = (2 ) X JEZ R H X R#ERGT
EH 2 FAEM
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o 2AMapping » #im & (FHE) =
EH 2 EEM

o 2R £%
P =8P 4+ Py

3x1 3x1 3x1
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o M Mapping » ik & (KEh) 2 B2 469 H X RAERLT
g 5 m 125
EH x FREM
o 27 £%)
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o tAMapping - it €
EH 2 Bk
o 125 B
AP3 1 - BP'-I 1 + APBOTQ% 1
rp_lzmmﬂhml[ _____
1 0 0 0 1
o EF HH
AP. :ARBP-
0
SR
1) I . 0|[1
0 0 0:1

b

2 A% o T R AR

"R

Zy

\

L%

21 AT
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o FZEHFush $)78 &

P, =4R°P

A
1 + PBUTQ’ Ix1

Z_{“_‘!ll
K [ -'i’?
£
ZL} \\ BPI J‘;
P
‘;'".,_.;
2 K ’
A }j}
A R Ar
2 L~ )
Aar X

{4}
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o FZEHFush $)78 &

P, =4R°P

A
i PBUTQ’ Ix1

3x 1
IAP]:\ AR APgorg HBP]:FRBP+APBOTQ]
1 0 0 O 1 1 1
Z,
4y AN
25"\ s, 43
/Z}j,
A i
P >
2y 5
? (B} 4
Xar %o |
AP: )
{A} B org
>
p %
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o FZEHFush $)78 &

A __ ApB A
3 § R P3x1+ PBUTQ’:M[

X

lfqp] _ \ AR y ;- ”BP] _ FR Bpiy Ap. w]
1

1 0 0 O 1 1
Q -ﬁ]—i%é;_;%%’%’fjﬁ ZA_AE
fr— STETIT 7 N C {4}
“sequential transformation” : %
A it
P r
ZA 4
A B }/_31;
" B
Aar X
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2.6 FIRTHUEN
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0
o‘ > Ap =7
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